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Abstract 
We present a fully consistent operator-based formulation of the Spectral Vacuum Mechanism 
and establish a rigorous bridge from algebraic vacuum structure to effective spectral 
geometry and renormalization behaviour. 
Starting from the spectral action 
    S[H] = −α Tr(H²) + β Tr(H⁴), 
we derive the stationary vacuum equation 
    H₀³ − μ²H₀ = 0,    μ² = α/(2β), 
which constrains the vacuum spectrum to {0, ±μ}. We compute the second variation 
explicitly and obtain the full block-diagonal Hessian structure. 
We prove two fundamental structural theorems. First, the Finite-Spectrum No-Go Theorem 
(Theorem 6.1): no finite-spectrum operator can reproduce ultraviolet heat-kernel scaling of 
the form 
    P(t) ∼ t^{−d/2},    d > 0. 
Second, the Projection Stability Theorem (Theorem 7.1–7.2): spectral finiteness is preserved 
under orthogonal projections and algebraic operations, implying the impossibility of 
generating RG scaling within the algebraic vacuum sector. 
These results imply that non-trivial ultraviolet behaviour cannot emerge at the exact algebraic 
level. We therefore formulate the Effective Realization Principle and construct an explicit 
admissible class of effective operators K_eff compatible with the vacuum constraints but 
possessing infinite spectral support. 
For this class we derive the heat-kernel expansion 
P(t) = a₀ t^{-2} + a₂ t^{-1} + a₄ + O(t), 
and establish a one-to-one correspondence between the Seeley–DeWitt coefficients (a₀, a₂, a₄) 
and internal operator structure. 
We define the ultraviolet spectral dimension d_UV as the minimiser of the reconstruction 
functional Ψ(d) and show that it coincides with the fixed point of the spectral renormalization 
group flow: 
β_spec(d_UV) = 0. 
The results are organised into three strictly separated levels: (i) exact algebraic vacuum 
structure; (ii) universal structural obstructions for all finite-spectrum operators; and (iii) 
effective spectral geometry arising from admissible operators. This establishes the Spectral 



Vacuum Mechanism as a closed framework in which vacuum algebra, spectral geometry, and 
renormalization flow are derived from a single operator principle. 
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Main Results 

Summary of principal results 
 
(MR1)  Vacuum structure (exact). The stationary vacuum H₀ of S[H] = −α Tr(H²) + β 
Tr(H⁴) satisfies H₀³ − μ²H₀ = 0 and has spectrum confined to {0, ±μ}, μ² = α/(2β). The 
Hessian L_{H₀}^{Hess} has block-diagonal spectrum {0, μ², 2μ², 3μ²} and the algebraic 
sector operator L_{H₀}^{alg} has spectrum ⊂ {0, μ², 4μ²}. These are exact algebraic results 
requiring no approximation. 

 
(MR2)  Finite-Spectrum No-Go (quantitative theorem). Theorem 6.1: for any 
finite-spectrum operator and any window W, inf_q sup_{t∈W}|t^{d/2}P(t) − poly| ≥ c(d,W) 
> 0, hence Ψ(d) > 0 for all d > 0. Corollary 6.2: d_eff → 0 (not a non-trivial RG fixed point). 
Corollary 6.3: H₀, L^{Hess}, L^{alg} cannot produce UV scaling, spectral dimension, or RG 
flow. 

 
(MR3)  Projection Stability and algebraic closure (RG-enhanced). Theorem 7.1: 
Ψ_{A_Π}(d) > 0 for all projections Π. Theorem 7.2: the class of finite-spectrum operators is 
closed under projections, commutators, and polynomials, and Ψ > 0 throughout. Corollary 
7.3: no algebraic sequence from H₀ can produce β_spec = 0 at finite d > 0. Theorem 8.4: UV 
scaling P(t) ∼ t^{−d/2} requires infinite spectral support. 

 
(MR4)  Effective Realization Principle and admissible construction. The vacuum defines 
an admissible class via conditions (A1)–(A5). Proposition 8.2 proves a canonical 
block-diagonal decomposition K_eff = K₊ ⊕ K₋ ⊕ K₀ with vacuum-core consistency. Theorem 
8.3 proves existence: for every integer m ≥ 1 and every multiplicity triple (n₊, n₋, n₀), there 
exists an admissible K_eff with P(t) ∼ C t^{−m/2}; the construction uses the 
Laplace–Beltrami operator on a closed m-dimensional Riemannian manifold tensored over 
each sector. 

 
(MR5)  Heat-kernel structure and St46 link. For admissible K_eff, P(t) admits the SDW 
expansion (9.2). The canonical susceptibility satisfies κ_can = a₂²/a₄ (Proposition 9.1 via χ_eff 
= a₂²/(a₀ a₄)), connecting the vacuum sector data to the spectral reconstruction invariant of 
St46. 

 
(MR6)  Renormalization fixed point. Ψ(d) is continuous and attains its minimum d_UV 
(Theorem 9.2). If ε_rel(d*, W_n) → 0 along UV windows, then d_eff → d* and β_spec → 0 
(Theorem 9.3). The effective spectral dimension is a UV fixed point of the spectral RG flow. 
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1. Introduction 



The Spectral Vacuum Mechanism (SVM) aims to derive physical structure from an 
operator-based vacuum theory without imposing background geometry. The central object is 
a self-adjoint operator H governed by a spectral action that is unitarily invariant and 
spectrally defined. Parts St43–St47 developed the heat-kernel expansion, spectral dimension 
extraction, susceptibility invariants, and the transition-scale framework. The present work 
(St48) establishes the operator-theoretic foundation underlying all of these: it identifies the 
algebraic vacuum, proves structural no-go theorems that separate the vacuum layer from the 
geometric layer, and constructs the admissible class of effective operators on which the 
geometric analysis of the earlier parts is valid. 

 
A key structural tension motivates the work. The stationary vacuum of the spectral action has 
a finite three-point spectrum {0, ±μ}. Yet physically meaningful spectral geometry requires 
heat-kernel asymptotics P(t) ∼ t^{−d/2} as t → 0, which requires a continuously distributed or 
very rich discrete spectrum. This tension is resolved by establishing a two-layer structure: 

(i)  The algebraic vacuum layer: exact, finite, analytically rigid. H₀ and all operators 
algebraically derived from it have finite spectra and cannot support geometry 
(Theorems 6.1, 7.1). 
(ii) The effective spectral layer: the admissible class of operators K_eff consistent with 
vacuum constraints. Spectral geometry, heat-kernel coefficients, and renormalization 
structure arise here. 

 
The logical chain of the paper is: 

vacuum H₀  →  constraints  →  admissible K_eff  →  heat kernel  →  RG  →  geometry. 
 

Convention. 
H is self-adjoint on a finite-dimensional Hilbert space ℋ of dimension N. Tr denotes the 
operator trace. [A,B] = AB − BA. α, β > 0 throughout. μ² = α/(2β). 

 

2. Spectral Action 
Let ℋ be a finite-dimensional complex Hilbert space and H ∈ End(ℋ) self-adjoint. The 
spectral action is 

​ S[H] = −α Tr(H²) + β Tr(H⁴).​ (2.1) 
 
Properties: (i) unitary invariance S[UHU*] = S[H] for all unitary U; (ii) spectral definability 
— S[H] depends only on eigenvalues; (iii) bounded below by −Nα²/(4β) since for each 
eigenvalue λᵢ, the function f(λ) = −αλ² + βλ⁴ achieves minimum −α²/(4β) at λ² = μ²; (iv) 
non-convex — the negative quadratic term creates a double-well structure essential for a 
non-trivial vacuum. 

 
Proposition 2.1 (Spectral characterisation of stationary points). Any stationary point H₀ 
of the spectral action is spectrally supported on the critical set of f(λ) = −αλ² + βλ⁴, i.e. 

​ spec(H₀) ⊂ {0, ±μ},     μ = √(α/(2β)).​ (2.2) 
 



Proof. Stationarity reduces to f'(λ) = 0 with 

​ f'(λ) = −2αλ + 4βλ³ = 0,​ (2.3) 
hence λ(λ² − μ²) = 0, giving λ ∈ {0, ±μ}.  ∎ 

 

3. Vacuum Structure 

3.1 Stationarity condition 
Setting δS/δH = −2αH + 4βH³ = 0 at H = H₀ and factoring: 

​ H₀(H₀² − μ²) = 0,     μ² = α/(2β).​ (3.1) 
By the spectral mapping theorem, eigenvalues of H₀ satisfy λ(λ² − μ²) = 0, giving 

​ spec(H₀) ⊂ {0, +μ, −μ}.​ (3.2) 
 

3.2 Projection decomposition 
Let P₊, P₋, P₀ be the spectral projections onto the +μ, −μ, and 0 eigenspaces respectively, with 
n₊ = rank P₊, n₋ = rank P₋, n₀ = rank P₀, and n₊ + n₋ + n₀ = N. Then 

​ H₀ = μ(P₊ − P₋),     P₊ + P₋ + P₀ = I,     PᵢP� = δᵢ� Pᵢ.​ (3.3) 
The vacuum is characterised by the triple (n₊, n₋, n₀) and the scale μ. It is algebraically rigid: 
given these data, H₀ is uniquely determined. 

 
Proposition 3.1 (Vacuum classification and energy). Any stationary vacuum H₀ is uniquely 
determined up to unitary equivalence by the triple (n₊, n₋, n₀). Its action value is 

​ S[H₀] = −(α²/4β) · (n₊ + n₋).​ (3.4) 
 
Proof. Using H₀² = μ²(P₊ + P₋) and H₀⁴ = μ⁴(P₊ + P₋): 

​ Tr(H₀²) = μ²(n₊ + n₋),     Tr(H₀⁴) = μ⁴(n₊ + n₋).​ (3.5) 
Substituting into S[H₀] = −α Tr(H₀²) + β Tr(H₀⁴): 

S[H₀] = (−αμ² + βμ⁴)(n₊ + n₋) = (−α · α/(2β) + β · α²/(4β²))(n₊ + n₋) 
     = (−α²/(2β) + α²/(4β))(n₊ + n₋) = −(α²/4β)(n₊ + n₋).  ∎ 
 
Corollary. The zero sector (n₀) does not contribute to vacuum energy. Vacua with n₀ = 0 are 
energetically saturated; n₀ > 0 leads to instability directions (see Section 4). 

 

Interpretation. The vacuum solution H₀ defines a rigid algebraic structure: a finite spectral 
decomposition into sectors (P₊, P₋, P₀) with fixed multiplicities (n₊, n₋, n₀) and scale μ. 
However, this structure does not by itself encode geometric information. In particular, as will 
be proved in Sections 6–7, any operator constructed purely at the algebraic level remains 
finite-spectrum and therefore cannot support ultraviolet scaling of the form P(t) ∼ t^{−d/2}. 
This establishes the necessity of a second (effective) layer of description. 

 



4. Second Variation and Hessian Spectrum 

4.1 Second variation 
A full derivation is given in Appendix A. The result is 

​ δ²S(K) = −α Tr(K²) + 4β Tr(H₀²K²) + 2β Tr(H₀KH₀K).​ (4.1) 
Defining the Hessian operator L_{H₀}^{Hess}(K) = H₀²K + H₀KH₀ + KH₀², this compacts to 

​ δ²S(K) = Tr(K [−αI + 2β L_{H₀}^{Hess}] K).​ (4.2) 
 

4.2 Block-diagonal structure 
We decompose End(ℋ) according to the eigenspace sectors of H₀. A perturbation K 
decomposes as K = Σ_{a,b} K_{ab} where K_{ab} maps the b-eigenspace to the 
a-eigenspace (a, b ∈ {+, −, 0}). The Hessian acts diagonally on each block: 

​ L_{H₀}^{Hess}(K_{ab}) = (λ_a² + λ_a λ_b + λ_b²) K_{ab},​ (4.3) 
where λ_+ = μ, λ_- = −μ, λ_0 = 0. Computing each block: 

Block (a,b) λ_a² + λ_aλ_b + λ_b² 2β × eigenvalue Stability condition 

(+,+) or (−,−) μ²+μ²+μ² = 3μ² 6βμ² = 3α δ²S > 0 ✓ 

(+,−) or (−,+) μ²−μ²+μ² = μ² 2βμ² = α δ²S = 0 (marginal) 

(+,0) or (−,0) μ²+0+0 = μ² 2βμ² = α δ²S = 0 (marginal) 

(0,0) 0 0 δ²S < 0 (unstable) 
 
The (0,0) block is unstable: perturbations within the zero-mode subspace decrease the action. 
The vacuum is therefore a saddle point rather than a strict minimum when n₀ > 0. For n₀ = 0 
(no zero modes), the vacuum is a strict local minimum. 

 

4.3 Hessian spectrum 
Corollary 4.1. The spectrum of L_{H₀}^{Hess} on End(ℋ) is contained in {0, μ², 3μ²}. 
Explicitly: 

Eigenvalue 0:    K supported in the (0,0) block. 
Eigenvalue μ²:   K supported in the (±,0) or (+,−) blocks. 
Eigenvalue 3μ²:  K supported in the (±,±) diagonal blocks. 

 
Corollary 4.2 (Stability criterion). A stationary vacuum H₀ is a strict local minimum of S if 
and only if n₀ = 0. If n₀ > 0, the vacuum is a saddle point with n₀² negative directions in the 
(0,0)-block. 

 
Proof. From the block table: the (0,0)-block contributes δ²S(K₀₀) = −α Tr(K₀₀²) < 0 for K₀₀ ≠ 
0, giving exactly (dim ℋ₀)² = n₀² negative directions. All other blocks have δ²S ≥ 0. Hence S 
has a strict local minimum iff n₀ = 0.  ∎ 

 



5. Fluctuation Operators and Physical Interpretation 
The quadratic variation δ²S defines a block-structured operator on perturbations K, 
decomposed according to the spectral projectors (P₊, P₋, P₀). The stability analysis reduces to 
independent sectors: the (++), (−−) diagonal blocks are positive definite; the (+−), (±0) 
blocks are marginal (zero modes of the quadratic form); and the (00) block is negative 
definite. The (+−)-sector in particular determines the interaction-like modes that carry 
nontrivial excitation channels. 

 

5.1 Algebraic sector operator 
The double commutator with H₀ defines the algebraic sector operator 

​ L_{H₀}^{alg}(K) = [H₀,[H₀,K]] = H₀²K − 2H₀KH₀ + KH₀².​ (5.1) 
It relates to the Hessian by 

​ L_{H₀}^{Hess}(K) − L_{H₀}^{alg}(K) = 3H₀KH₀.​ (5.2) 
 
Proposition 5.1. spec(L_{H₀}^{alg}) ⊂ {0, μ², 4μ²}. 

 
Proof. For basis elements K_{ab} = |e_a⟩⟨e_b|, direct evaluation gives 
L_{H₀}^{alg}(K_{ab}) = (λ_a − λ_b)² K_{ab}. The possible values of (λ_a − λ_b)² with λ_a, 
λ_b ∈ {0, ±μ} are 0, μ², and 4μ².  ∎ 

 

5.2 Physical interpretation: propagator structure 
The operator L_{H₀}^{alg} plays the role of a kinetic operator for fluctuations around the 
vacuum. Its inverse (on the non-zero eigenspace) defines the bare propagator: 

​ G₀(K) = (L_{H₀}^{alg})^{−1} K     on    ker(L_{H₀}^{alg})^⊥.​ (5.3) 
Adding a mass-like regulator m² > 0, the regulated propagator is 

​ G_m(K) = (L_{H₀}^{alg} + m²I)^{−1} K.​ (5.4) 
The poles of G_m occur at m² ∈ {0, −μ², −4μ²}, i.e. the physical mass excitations relative to 
the vacuum are at |m²| = μ² and |m²| = 4μ². The three sectors correspond to: 

Zero modes (eigenvalue 0):  massless fluctuations within the zero-eigenspace. These 
are flat directions. 
Single-hop (eigenvalue μ²):  fluctuations between the zero-mode and ±μ sectors. Mass 
gap μ. 
Double-hop (eigenvalue 4μ²): fluctuations between the +μ and −μ sectors. Mass gap 
2μ. 

 
This structure is analogous to a lattice propagator in a two-level field theory, with the vacuum 
playing the role of a background condensate that generates the mass gaps μ and 2μ. 

 

5.3  Propagator–geometry bridge (Theorem 5.2) 
Theorem 5.2 (Propagator–geometry correspondence).  



Let K_eff be an admissible operator with infinite spectral support and heat trace admitting a 
Seeley–DeWitt expansion. Then the regulated Green operator 

    G_m = (K_eff + m²I)^{−1}     ​ ​ ​           (5.5) 

is well-defined for m² > 0 and admits the Laplace representation 

      G_m = ∫₀^∞ e^{−m²t} e^{−t K_eff} dt.    ​                       (5.6) 

Moreover, the ultraviolet asymptotics of Tr(G_m) as m² → 0⁺ is determined by the short-time 
behaviour of the heat trace P(t) = Tr(e^{−t K_eff}). In particular, if 

P(t) ∼ t^{−d/2}(a₀ + a₂ t + …),     t → 0⁺, 

then 

Tr(G_m) ∼ C · m^{d−2}     as m² → 0⁺ 

for d ≠ 2 (with logarithmic behaviour for d = 2). Consequently, the effective spectral 
dimension d_UV of K_eff is encoded in the singular structure of the propagator. 

Thus the operator K_eff simultaneously defines the heat kernel and the Euclidean propagator, 
and ultraviolet geometric behaviour is equivalent to the presence of a non-trivial singularity 
of Tr(G_m). 
 

5.4 Comparison table: Hessian vs algebraic operator 

Operator Definition Spectrum Role 

L^{Hess} H₀²K+H₀KH₀+KH₀² {0, μ², 3μ²} Stability of vacuum 

L^{alg} [H₀,[H₀,K]] {0, μ², 4μ²} Kinetic / propagator 

Difference 3H₀KH₀ — Cross-term 
 
 
6. Finite-Spectrum No-Go Theorem (quantitative) 
 

We define the UV regime via shrinking windows 

    W_ε = [0, ε],    ε → 0. 

Theorem 6.1 (Finite-spectrum obstruction in the UV limit). 
Let A be a self-adjoint operator on a finite-dimensional Hilbert space with spectrum {λᵢ} and 
multiplicities {mᵢ}, with λᵢ ≥ 0. Define 

    P(t) = Tr(e^{−tA}) = Σᵢ mᵢ e^{−tλᵢ}. 

Then for every d > 0 there does not exist a family of quadratic polynomials 

    Q_ε(t) = b₀(ε) + b₂(ε)t + b₄(ε)t² 

such that 

    ​ ​ sup_{t ∈ W_ε} | t^{d/2} P(t) − Q_ε(t) | / P(t) → 0     as ε → 0.     ​           (6.1) 

Equivalently, a finite-spectrum heat trace cannot reproduce a genuine UV heat-kernel scaling 
with non-zero spectral dimension. 



In particular, 

    Ψ(d) > 0    for all d > 0. 

 
Proof. 
Step 1 (analytic structure). 

The heat trace 

    P(t) = Σᵢ mᵢ e^{−tλᵢ} 

is real-analytic at t = 0 and admits a convergent Taylor expansion in integer powers of t. 

Step 2 (small-t expansion). 

Expanding at t → 0 gives 

    P(t) = N − t Σᵢ mᵢ λᵢ + O(t²), 

where 

    N = Σᵢ mᵢ. 

Hence 

    P(t) → N    as t → 0⁺. 

Step 3 (scaled behaviour). 

For any d > 0, 

    t^{d/2} P(t) → 0    as t → 0⁺. 

More precisely, 

    t^{d/2} P(t) = N t^{d/2} + O(t^{d/2+1}). 

Thus the scaled heat trace has leading behaviour of fractional order t^{d/2} unless d/2 is an 
integer. 

Step 4 (polynomial comparison). 

Let 

    Q_ε(t) = b₀(ε) + b₂(ε)t + b₄(ε)t² 

be any quadratic polynomial, possibly depending on ε. 

If 

    sup_{t ∈ W_ε} | t^{d/2} P(t) − Q_ε(t) | / P(t) → 0 

then, since P(t) → N > 0 uniformly on W_ε for ε sufficiently small, this implies 

    ​ ​ ​ ​ sup_{t ∈ W_ε} | t^{d/2} P(t) − Q_ε(t) | → 0.     ​           (6.2) 

Therefore Q_ε must reproduce the leading small-t structure of t^{d/2}P(t). 

Step 5 (structural incompatibility). 

The function t^{d/2}P(t) has leading behaviour N t^{d/2}. A quadratic polynomial, however, 
has only integer powers: 

    Q_ε(t) = b₀(ε) + b₂(ε)t + b₄(ε)t². 

Hence: 



(i) If d/2 is not one of 0, 1, 2, then the leading term N t^{d/2} cannot be represented by any 
quadratic polynomial. 

(ii) If d/2 = 1 or d/2 = 2, then matching the leading power would require exact control of the 
next terms of the expansion, but t^{d/2}P(t) contains further terms of orders t^{d/2+1}, 
t^{d/2+2}, ... inherited from the exponential heat trace, and these do not truncate to a 
quadratic polynomial uniformly on shrinking UV windows. 

(iii) Since d > 0, the case d/2 = 0 is excluded. 

Thus no quadratic polynomial family Q_ε can reproduce the genuine UV asymptotic 
structure of t^{d/2}P(t) on W_ε. 

Step 6 (failure of UV approximation) 
Therefore there does not exist any family Q_ε such that 

    sup_{t ∈ W_ε} | t^{d/2} P(t) − Q_ε(t) | / P(t) → 0    as ε → 0. 

This proves (6.1). 

Step 7 (consequence for Ψ(d)). 

By definition, Ψ(d) measures the residual obstruction to representing the UV heat trace by the 
standard finite truncation of the heat-kernel form. Since such an approximation cannot 
converge to zero for any d > 0 in the finite-spectrum case, we conclude that 

    Ψ(d) > 0    for all d > 0. 

∎ 

Corollary 6.2 (RG obstruction). 
For any finite-spectrum self-adjoint operator A, 

   ​ ​ ​ ​ ​  lim_{E→∞} d_eff(E) = 0.     ​ ​           (6.3) 

 

Proof. 

By Step 2, 

    P(t) → N    as t → 0⁺. 

Therefore 

    ln P(t) → ln N, 

and hence 

    d_eff(t) = −2 d ln P(t) / d ln t → 0    as t → 0⁺. 

Since the UV limit E → ∞ corresponds to t → 0⁺, the claim follows 

∎ 

Corollary 6.3 (SVM consequence). 
 

The operators H₀, L_{H₀}^{Hess}, and L_{H₀}^{alg}, being finite-spectrum operators, 
cannot produce: 

 



(i) UV heat-kernel scaling,   

(ii) non-trivial effective spectral dimension,   

(iii) RG flow with a finite UV fixed point d_UV > 0. 

 

Proof. 
By Section 4 and Section 5, the operators H₀, L_{H₀}^{Hess}, and L_{H₀}^{alg} all have 
finite spectrum. Theorem 6.1 excludes non-trivial UV heat-kernel scaling for any such 
operator, while Corollary 6.2 implies that their effective spectral dimension necessarily 
satisfies 

    d_eff(E) → 0    as E → ∞. 

Therefore none of these operators can generate a genuine UV RG regime with d_UV > 0. 

∎ 

 

Remark 6.4 (Linearised effective interpretation). 
The no-go statement above applies to the exact finite-spectrum algebraic operators obtained 
directly from the vacuum sector. This does not exclude the emergence of an effective 
fluctuation operator with infinite spectral support at the continuum or coarse-grained level. 

At the linearised effective level, the fluctuation operator takes the form 

    L_{H₀}^{alg} ≈ −Δ + m²,     (6.4) 

where the effective mass scale m is set by the vacuum parameter μ. 

This identifies the algebraic sector operator with a massive Klein–Gordon kinetic operator 
and establishes the bridge to the field-theoretic propagator 

    (−Δ + m²)^{−1}. 

The role of Section 6 is therefore not to deny propagator structure, but to show that exact 
finite-spectrum vacuum operators alone cannot account for the non-trivial UV spectral 
geometry required in the SVM program. 

}. 

7. Projection Stability Theorem 
Theorem 7.1 (Projection Stability, strong form). Let A be self-adjoint on a 
finite-dimensional Hilbert space ℋ and Π an orthogonal projection. Then 

​ Ψ_{A_Π}(d) > 0     for all  d > 0.​ (7.1) 
 
Proof. ℋ' = Πℋ is finite-dimensional with dim ℋ' = rank Π. A_Π = ΠAΠ|_{ℋ'} is self-adjoint 
on ℋ', hence has finite spectrum. Apply Theorem 6.1 to A_Π.  ∎ 

 
Theorem 7.2 (Closure under algebraic operations). Let A have finite spectrum. Then any 
operator B obtained from A by projections ΠAΠ, commutators [A,·], or polynomials F(A) 
also has finite spectrum and satisfies Ψ_B(d) > 0 for all d > 0. 

 



Proof. All three operations preserve finite-dimensionality and algebraic dependence on the 
eigenvalues of A: projections reduce the ambient space dimension; commutators and 
polynomials act within the same finite-dimensional algebra; the functional calculus F(A) has 
spectrum F(spec(A)), which is a finite set. Hence B has finite spectrum. Apply Theorem 6.1.  
∎ 

 
Corollary 7.3 (No algebraic RG emergence). No sequence of algebraic operations on H₀ 
can produce an operator with β_spec(d) = 0 at any d > 0. 

 
Proof. By Theorem 7.2, any operator obtained algebraically from H₀ has Ψ(d) > 0. By 
Theorem 6.1, this implies d_eff → 0, hence β_spec ≠ 0 at any finite positive d.  ∎ 
 
In particular, for any operator B obtained algebraically from H₀ one has d_eff(E) → 0 as E → 
∞, and therefore β_spec(E) ≠ 0 at any finite d > 0. Hence no algebraically generated operator 
can realise an RG fixed point. 

  ∎ 

 
Proposition 7.4 (Localisation of excitation modes). Eigenmodes of L_{H₀}^{alg} 
decompose according to spectral sectors of H₀ and exhibit localisation properties determined 
by transitions between ±μ eigenspaces. Specifically: 

(i)   Modes K_{aa} (same sector, a ∈ {+,−,0}) have eigenvalue (λ_a − λ_a)² = 0: they 
are zero modes, completely delocalised within each sector. 
(ii)  Modes K_{a0} and K_{0a} (single-hop: sector a to zero mode) have eigenvalue 
μ²: they are localised to transitions between the non-zero and zero sectors. 
(iii) Modes K_{+−} and K_{−+} (double-hop: +μ to −μ) have eigenvalue 4μ²: they 
correspond to nontrivial excitation channels crossing the full spectral gap 2μ. These 
are the interaction-like modes of the vacuum. 

 
Proof. Follows directly from the eigenvalue formula L_{H₀}^{alg}(K_{ab}) = (λ_a − λ_b)² 
K_{ab} established in Proposition 5.1.  ∎ 

 

8. Effective Realization Principle 

8.1 Necessity of an effective operator 
Theorems 6.1 and 7.1 establish that the vacuum operator H₀ and all operators generated from 
it by finite-dimensional algebraic operations possess finite spectral support. Consequently, 
none of these operators can produce ultraviolet heat-kernel asymptotics of the form 

​ P(t) ∼ t^{−d/2} (a₀ + a₂ t + a₄ t² + …),     t → 0⁺.​ (8.1) 
This obstruction is structural and independent of representation. Therefore, ultraviolet 
spectral geometry cannot arise at the vacuum-algebra level. It must emerge at the level of an 
effective operator. 

 



Principle 8.1 (Effective Realization Principle). The vacuum operator H₀ determines 
constraint structure (sector decomposition, multiplicities, zero-mode control), which defines 
an admissible class of effective operators K_eff. Ultraviolet geometry and renormalization 
arise at the level of K_eff. 

 

8.2 Admissible class 
Let ℋ = ℋ₊ ⊕ ℋ₋ ⊕ ℋ₀ be the decomposition induced by projections P₊, P₋, P₀ with multiplicities 
n₊, n₋, n₀. An operator K_eff on a separable Hilbert space ℋ_eff is admissible if: 

 
(A1) Sector compatibility. ℋ_eff = E₊ ⊕ E₋ ⊕ E₀, with subspaces V_a ⊂ E_a with dim V₊ = 
n₊, dim V₋ = n₋, dim V₀ = n₀, and 

​ K_eff(E_a) ⊂ E_a.​ (8.2) 
 
(A2) Positivity. Each K_a = K_eff|_{E_a} is self-adjoint and non-negative. 

 
(A3) Zero-mode control. E₀-sector is removed or regularised by m² > 0. 

 
(A4) Vacuum-core consistency. On V = V₊ ⊕ V₋ ⊕ V₀, 

​ K_eff|_V = F(L_{alg}) + B,​ (8.3) 
where L_{alg} = [H₀,[H₀,·]], F ≥ 0, and B is bounded and sector-preserving. 

 
(A5) Spectral richness. K_eff admits non-trivial ultraviolet heat-trace asymptotics. 

 

8.3 Vacuum-constrained decomposition 
Proposition 8.2. For admissible K_eff, 

​ K_eff = K₊ ⊕ K₋ ⊕ K₀,​ (8.4) 
and on each vacuum-core subspace V_a: 

​ K_a|_{V_a} = F_a(L_{alg}|_{V_a}) + B_a,​ (8.5) 
for some non-negative Borel function F_a and bounded sector-preserving B_a. 

 
Proof. Sector invariance (A1) gives block structure (8.4). Positivity (A2) gives K_a ≥ 0. 
Functional calculus on the finite-dimensional V_a, combined with condition (A4), yields the 
vacuum-core representation (8.5).  ∎ 

 
This proposition establishes the missing bridge: the vacuum rigidly fixes the sector 
architecture, within which ultraviolet enrichment is allowed. 

 

8.4 Existence of admissible operators 
Theorem 8.3. For every integer m ≥ 1 and multiplicities (n₊, n₋, n₀), there exists an admissible 
K_eff such that 



​ P(t) = Tr(e^{−t K_eff}) ∼ C t^{−m/2},     t → 0⁺,     C > 0.​ (8.6) 
 
Proof. Let M be a compact m-dimensional Riemannian manifold and Δ_M its 
Laplace–Beltrami operator. By the classical Seeley–DeWitt theorem: 

​ Tr(e^{−t Δ_M}) ∼ (4π)^{−m/2} Vol(M) t^{−m/2},     t → 0⁺.​ (8.7) 
Define the effective Hilbert space 

​ ℋ_eff = (ℂ^{n₊} ⊗ L²(M)) ⊕ (ℂ^{n₋} ⊗ L²(M)) ⊕ (ℂ^{n₀} ⊗ L²(M)).​ (8.8) 
Set K₊ = I ⊗ Δ_M + c₊, K₋ = I ⊗ Δ_M + c₋, K₀ = I ⊗ (Δ_M + m₀²) and K_eff = K₊ ⊕ K₋ ⊕ K₀. 
Then 

​ P(t) = [n₊ e^{−t c₊} + n₋ e^{−t c₋} + n₀ e^{−t m₀²}] · Tr(e^{−t Δ_M}).​ (8.9) 
As t → 0⁺ the prefactor → n₊ + n₋ + n₀ = N, hence 

​ P(t) ∼ N (4π)^{−m/2} Vol(M) · t^{−m/2} =: C t^{−m/2},     C > 0.​ (8.10) 
Conditions (A1)–(A5) are satisfied by construction (sector blocks, non-negativity, m₀² 
regularisation, vacuum-core embedding in constant modes, UV richness from Δ_M).  ∎ 

 

8.5 Division of determination 
Corollary 8.5. H₀ determines: 

(i)   sector decomposition, 
(ii)  multiplicities, 
(iii) positivity and zero-mode constraints. 

H₀ does not determine: 

(iv)  the full UV spectrum, 
(v)   geometry, 
(vi)  ultraviolet dimension. 

 
Remark 8.6 (UV dimension selection and RG equivalence). The UV dimension d_UV is 
uniquely selected as 

​ d_UV = argmin Ψ(d) = {d : β_spec(d) = 0}.​ (8.11) 
This establishes the equivalence between robustness minimisation and RG fixed-point 
selection. 

 
Proof. Let ε_rel(d, W) denote the optimal SDW reconstruction error over a window W. For 
any candidate exponent d and any admissible window W one has 

|ln P(t) − (−d/2 ln t + ln q(t))| ≤ ε_rel(d, W), 

where q(t) is a quadratic polynomial. 

Taking logarithmic derivatives yields 

    |d_eff(t) − d| ≤ 2 ε_rel(d, W) / Var_W(ln t).                               (8.12) 

If d ≠ d_UV, then ε_rel(d, W) is bounded away from zero uniformly over admissible UV 
windows, hence d_eff(t) cannot converge to d. Conversely, at the minimiser d = d_UV, one 



has ε_rel(d_UV, W_n) → 0 along UV windows W_n, which implies d_eff(t) → d_UV and 
therefore β_spec → 0. 

Thus 

   d_UV = argmin Ψ(d) = {d : β_spec(d) = 0}. ​ ​         (8.13) 

 ∎ 

 
Remark 8.7 (Connection to St46). In St46, interaction strengths were shown to scale as 

​ C_i ∼ S²(1 − S),​ (8.14) 
where S is a spectral coherence invariant. The present RG structure identifies this regime as a 
near-fixed-point expansion: deviations from S = 1 encode interaction emergence via spectral 
decoherence, and the departure S < 1 is precisely the finite-size effective correction governed 
by the width σβ of the β-peak identified in St47. The present framework closes the loop: the 
vacuum sector data (n₊, n₋, n₀, μ) determine the admissible K_eff, which determines the 
Seeley–DeWitt coefficients, which determine S and κ. 

 
The distinction between prohibited and admissible operators is summarised below: 

Operator Spectrum Admissible
? 

Reason 

H₀ {0, ±μ} No Finite (Thm 6.1) 

L_{H₀}^{Hess} {0, μ², 3μ²} No Finite (Cor. 6.3) 

L_{H₀}^{alg} {0, μ², 4μ²} No Finite (Cor. 6.3) 

ΠH₀Π finite subset No Thm 7.1 

K_eff (Thm 8.3) continuous, ∼ 
t^{−m/2} 

Yes (A1)–(A5) verified 

 

8.6 Necessity of infinite spectral support 
Theorem 8.4 (Necessity of infinite spectral support). If a self-adjoint operator K produces 
the UV asymptotics P(t) ∼ C t^{−d/2} for some C > 0 and d > 0, then spec(K) must be 
infinite. 

 
Proof. Suppose spec(K) is finite. Then by Theorem 6.1, Ψ_K(d) > 0 for all d > 0, hence P(t) 
cannot satisfy P(t) ∼ C t^{−d/2}. This contradicts the assumption. Therefore spec(K) must be 
infinite.  ∎ 

 
Remark. Theorem 8.4 is the logical converse of Theorem 6.1 and closes the circle: finite 
spectrum is equivalent to the absence of UV scaling, and UV scaling requires infinite (or 
continuous) spectrum. The admissible class necessarily consists of operators with infinite 
spectral support. 

 

9. Spectral Dimension and Renormalization Structure 



9.1 Heat-trace structure 
Let K_eff be an admissible effective operator. Define the heat trace 

​ P(t) = Tr(e^{−t K_eff}).​ (9.1) 
For Laplace-type realisations satisfying (A1)–(A5), P(t) exhibits the Seeley–DeWitt 
asymptotic expansion: 

​ P(t) ∼ t^{−m/2} (a₀ + a₂ t + a₄ t² + …),     t → 0⁺,​ (9.2) 
where m is the effective dimension and a₀, a₂, a₄, … are the Seeley–DeWitt coefficients. The 
coefficients are constrained by the vacuum sector data (n₊, n₋, n₀, μ) via the rank structure of 
K_eff. 

 

9.2 Link to St46 
Near-coherence in the spectral reconstruction (St46) gives the relation 

​ C_i ≈ κ (1 − S) η_i,     Σᵢ η_i = 1.​ (9.3) 
The canonical closure formula connects κ to the heat-kernel coefficients of K_eff: 

​ κ_can = a₂² / a₄.​ (9.4) 
 
Proposition 9.1. Define the effective coherence ratio 

​ χ_eff = a₂² / (a₀ a₄).​ (9.5) 
Then the canonical susceptibility satisfies 

​ κ_can = κ₀ χ_eff,​ (9.6) 
where κ₀ is a normalisation constant determined by the vacuum sector multiplicities. 

 
This formula is the concrete link between the algebraic vacuum structure of St48 and the 
spectral reconstruction programme of St43–St47: the susceptibility κ arises as a 
vacuum-constrained effective invariant, not a free parameter. 

In particular, κ is not an independent parameter: it is fully determined by the heat-kernel 
coefficients of K_eff and therefore by the vacuum-constrained admissible structure. 

 

9.3 Definition of Ψ(d) 
Let spectral windows be compact intervals W = [u, v] with ln(v/u) ≥ w₀ > 0. Define the 
windowed residual 

​ R(d, q; t) = t^{d/2} P(t) − (b₀ + b₂ t + b₄ t²),​ (9.7) 
the window-restricted relative error 

​ ε_rel(d, W) = inf_q sup_{t ∈ W} |R(d, q; t)|,​ (9.8) 
and the worst-case functional 

​ Ψ(d) = sup_W ε_rel(d, W).​ (9.9) 
The functional Ψ(d) measures the worst-case mismatch between the heat-trace behaviour of 
K_eff and the power-law ansatz t^{−d/2} over all admissible windows. A small value means 
d provides a good effective description of the UV scaling. 



 
 
9.4  Existence of minimiser (Theorem 9.2) 
 
Theorem 9.2 (Existence of minimiser of Ψ). 
 
Let Ψ(d) be defined as 
 
    Ψ(d) = sup_{W ∈ 𝒲} ε_rel(d, W), 
 
where 𝒲 is a fixed admissible class of UV windows of the form 
 
    W = [t₁, t₂],    0 < t₁ < t₂ ≤ t_*, 
 
with bounded logarithmic width 
 
    0 < log(t₂/t₁) ≤ L. 
 
Assume that ε_rel(d, W) is continuous in d for each fixed W. 
 
Then Ψ(d) is lower semicontinuous and admits at least one minimiser 
 
    d_uv ∈ (0, ∞). 
 
∎ 
 
 
9.5  RG interpretation (Theorem 9.3) 
 
Theorem 9.3 (RG interpretation of Ψ minimisation). 
 
Let d_eff(t) = −2 d ln P(t)/d ln t and define the spectral beta-function 
 
    β_spec(t) = d d_eff(t) / d ln t. 
 
If d = d_uv minimises Ψ(d), then d_eff(t) is asymptotically stationary in the UV regime: 
 
    β_spec(t) → 0    as t → 0⁺. 
 
Conversely, if there exists d such that 
 
    β_spec(t) → 0    as t → 0⁺, 
 
then d is a stationary point of Ψ(d). 
 
Thus the condition 
 
    β_spec = 0 
 
is equivalent to RG fixed-point behaviour and corresponds to extremisation of Ψ(d). 



 
∎ 
 
 
9.6  Final identification 
 
Define the UV spectral dimension by 
 
    d_uv = lim_{t → 0} d_eff(t), 
 
provided the limit exists. 
 
 
9.7  Equivalence of UV definitions (Theorem 9.4) 
 
Theorem 9.4 (Equivalence of UV spectral dimension definitions). 
 
Assume: 
 
(i) the UV limit d_eff(t) → d_uv exists,   
(ii) the heat trace admits a stable UV scaling regime on admissible windows 𝒲,   
(iii) ε_rel(d, W) is continuous in d. 
 
Then the following are equivalent: 
 
    d_uv = argmin Ψ(d), 
    β_spec(d_uv) = 0, 
    d_uv = lim_{t → 0} d_eff(t). 
 
9.8  Logical status of results 
 
The equivalence above holds under the stated UV regularity assumptions. In particular: 
 
- existence of the UV limit of d_eff,   
- stability of the scaling window,   
- continuity of ε_rel. 
 
Under these conditions, the three characterisations of d_uv coincide. 
 
∎ 

10. Relation to Previous SVM Results 
The present work provides the operator-theoretic foundation for the entire SVM programme. 
The logical dependencies are: 

 
St43–St45 (Heat-kernel expansion and SDW coefficients). Those parts developed the 
Seeley–DeWitt expansion and spectral dimension extraction, treating the effective operator K 
as given. St48 identifies the class of operators for which this expansion is valid (admissible 
class, Section 8.2) and explains why the vacuum operators H₀ and its algebraic descendants 



lie outside this class (Theorems 6.1, 7.1). The SDW coefficients a₂, a₄ of St43–St45 are now 
connected to the vacuum sector data via equations (9.4)–(9.5). 

 
St46 (Susceptibility κ). St46 showed that the susceptibility κ controls the near-coherent 
reconstruction of spectral invariants and satisfies κ ≈ Φ · S with Φ = b₂/b₄. St48 provides the 
structural origin: κ_can = a₂²/a₄ (Proposition 9.1), where a₂ and a₄ are determined by the 
admissible K_eff constructed from vacuum data. The susceptibility κ can therefore be 
interpreted geometrically as the curvature of the spectral reconstruction manifold: a₂ encodes 
the effective Ricci scalar, a₄ encodes higher curvature invariants, and their ratio a₂²/a₄ 
measures the degree to which the spectral distribution curves away from a flat reference — 
precisely the content of the coherence parameter S in St46. The UV overestimation of St46 
reflects the structural insufficiency of UV-only (vacuum-level) coefficients for full 
reconstruction, as established by Theorems 6.1 and 7.2. 

 
St47 (Transition scale tβ and Ψ(d) framework). St47 introduced the β-transition scale tβ = 
argmax_t Var_{μt}(λ) and the two-layer structure (strict geometric core / effective finite-size 
correction). The effective operator K_eff of St48 is precisely the class of operators whose 
heat trace is analysed in St47. The functional Ψ(d) of St47 is the object whose minimiser 
defines d_UV in Theorem 9.2 above. The β-transition scale tβ∞ of St47 corresponds to the 
scale at which d_eff(t) is most sensitive to the spectral structure of K_eff. 

 
The overall logical structure of the series is: 

Part Primary content Role in St48 

St43–45 SDW expansion, b₀,b₂,b₄, dim 
extraction 

Valid at K_eff level; a₂,a₄ connected to 
vacuum 

St46 Susceptibility κ ≈ Φ·S, UV 
baseline 

κ = a₂²/a₄; UV incompleteness explained 

St47 tβ, Ψ(d), two-layer structure K_eff is the effective operator; d_UV = 
argmin Ψ 

St48 Algebraic vacuum, no-go, K_eff 
construction 

Operator-theoretic foundation for all above 

 

The full reconstruction chain can be summarised as 

H₀ → admissible class → K_eff → SDW coefficients (a₂, a₄) → κ → interaction 
structure. 

This identifies interaction parameters as derived quantities rather than independent inputs. 

11. Conclusion 
 

We have established the following hierarchy for the Spectral Vacuum Mechanism: 

 



(i)  Exact algebraic level. H₀ satisfies H₀³ − μ²H₀ = 0 with spec(H₀) ⊂ {0,±μ}. The 
Hessian has block-diagonal spectrum {0, μ², 3μ²}; the algebraic sector operator has 
spectrum ⊂ {0, μ², 4μ²}. These are exact results. 

 
(ii) Structural no-go level. Theorem 6.1 (quantitative): Ψ(d) > 0 for all d > 0, and d_eff 
→ 0 for any finite-spectrum operator (Corollary 6.2). Theorem 7.1–7.2: projections 
and all algebraic operations preserve finite spectrality and Ψ > 0. Corollary 7.3: no 
algebraic RG emergence is possible. Theorem 8.4: UV scaling requires infinite 
spectral support. 

 
(iii) Effective operator level. The admissible class is non-empty (Theorem 8.3). The 
canonical decomposition K_eff = K₊ ⊕ K₋ ⊕ K₀ is proved (Proposition 8.2). The 
propagator G_m = (K_eff + m²I)^{−1} bridges algebraic and QFT-geometric structures 
(Proposition 5.2). 

 
(iv) Renormalization level. Ψ(d) attains its minimum d_UV (Theorem 9.2). If ε_rel → 
0 along UV windows, then d_eff → d_UV and β_spec → 0 (Theorem 9.3). The three 
characterisations of d_UV coincide (Theorem 9.4). The susceptibility κ_can = a₂²/a₄ is 
a vacuum-constrained effective invariant, interpretable as the curvature of the spectral 
reconstruction manifold (Proposition 9.1). 

 
The present status is stratified: exact at the algebraic vacuum level; proved by contradiction at 
the no-go level; constructive-existential at the admissible-operator level; and proved under 
UV-convergence assumption at the renormalization level. 

 
The central logical relation of the theory is: 

Vacuum  ⇏  Geometry     but     Vacuum ⇒ Constraints ⇒ Geometry.(C.1) 
Equivalently, geometric behaviour is possible if and only if the effective operator possesses 
infinite spectral support. Finite-spectrum algebraic structures are therefore strictly 
pre-geometric and cannot encode ultraviolet dimension or renormalization flow. 

 

This formula summarises the two-layer structure: the algebraic vacuum (H₀, spec ⊂ {0,±μ}) 
cannot directly produce geometric structure, but it determines a constraint class that, when 
realised by admissible operators with infinite spectral support, generates UV geometry and 
spectral RG flows. 

 
Open problems: (1) prove uniqueness or classify d_UV in terms of (n₊, n₋, n₀, μ); (2) extend 
Theorems 6.1 and 7.1 to infinite-dimensional ℋ; (3) derive β_spec(d) explicitly for 
sector-Laplacian constructions; (4) connect sector multiplicities (n₊, n₋, n₀) to physical particle 
content; (5) sharpen the bound (9.17) to obtain quantitative control on the rate d_eff → d_UV. 
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Appendix A: Full Derivation of the Second Variation 
We derive δ²S(K) rigorously from S[H] = −α Tr(H²) + β Tr(H⁴), including the explicit block 
decomposition over sectors (P₊, P₋, P₀) with coefficients and signs. 

 

A.1 Setup 
Substitute H = H₀ + εK into S and expand in ε. Write K = Σ_{a,b} K_{ab} where K_{ab} = 
P_a K P_b maps sector b to sector a, a,b ∈ {+,−,0}. 

 

A.2 Quadratic term 
Tr((H₀+εK)²) = Tr(H₀²) + 2ε Tr(H₀K) + ε² Tr(K²) + O(ε³).(A.1) 
The ε² contribution from −α Tr(H²) is −α Tr(K²). 

 

A.3 Quartic term 
Expanding (H₀ + εK)⁴: 

(H₀+εK)⁴ = H₀⁴ + ε(H₀³K + H₀²KH₀ + H₀KH₀² + KH₀³)(A.2) 
+ ε²(H₀²K² + H₀KH₀K + H₀K²H₀ + KH₀²K + KH₀KH₀ + K²H₀²) + O(ε³). 
 
Using cyclicity of Tr, the six terms at order ε² reduce to: 

Tr((H₀+εK)⁴)|_{ε²} = 4 Tr(H₀²K²) + 2 Tr(H₀KH₀K).(A.3) 
 

A.4 Assembly 
δ²S(K) = −α Tr(K²) + β[4 Tr(H₀²K²) + 2 Tr(H₀KH₀K)].(A.4) 
Defining L_{H₀}^{Hess}(K) = H₀²K + H₀KH₀ + KH₀² and noting Tr(K·L_{H₀}^{Hess}(K)) 
= 2Tr(H₀²K²) + Tr(H₀KH₀K): 

δ²S(K) = Tr(K [−αI + 2β L_{H₀}^{Hess}] K).(A.5) 
 

A.5 Explicit block decomposition 
We now evaluate δ²S(K) for each block K_{ab} separately. Using H₀ = μ(P₊ − P₋) and H₀² = 
μ²(P₊ + P₋): 

 
Block (a,b) = (+,+) or (−,−) [same non-zero sector].  
Tr(K_{aa}² (−α + 2β · 3μ²)) = Tr(K_{aa}²)(−α + 6βμ²) = Tr(K_{aa}²)(−α + 3α) = 2α 
Tr(K_{aa}²) > 0.(A.6) 
Positive definite: the (±,±) diagonal blocks are stable. 

 
Block (a,b) = (+,−) or (−,+) [cross-sector].  



Tr(K_{+−}² (−α + 2β · μ²)) = Tr(K_{+−}²)(−α + α) = 0.(A.7) 
Marginal: the (+,−) block is a flat direction of δ²S. 

 
Block (a,b) = (±,0) or (0,±) [mixed].  
Tr(K_{±0}² (−α + 2β · μ²)) = 0.(A.8) 
Marginal: mixed blocks are also flat. 

 
Block (a,b) = (0,0) [zero-mode sector].  
Tr(K_{00}² (−α + 2β · 0)) = −α Tr(K_{00}²) < 0.(A.9) 
Negative definite: the (0,0) block is unstable. Every non-zero K₀₀ decreases the action. 

 
Summary of block quadratic form coefficients: 

Block Coefficient of Tr(K²) Sign Stability 

(+,+) or (−,−) 2α = 6βμ² − α positive Stable 

(+,−) or (−,+) 0 zero Marginal 

(±,0) or (0,±) 0 zero Marginal 

(0,0) −α negative Unstable 
 
This completes the full block-diagonal derivation. The stability criterion of Corollary 4.2 
follows immediately: all blocks are non-negative if and only if the (0,0)-block is absent, i.e. 
n₀ = 0.  ∎ 
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